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Quantum spin liquids are highly fascinating quantum liquids in which the spin degrees of freedom fraction-
alize. An interesting class of spin liquids are the exactly solvable, three-dimensional Kitaev spin liquids. Their
fractionalized excitations are Majonara fermions, which may exhibit a variety of topological band structures —
ranging from topologically protected Weyl semi-metals over nodal semi-metals to systems with Majorana Fermi
surfaces. We study the entanglement spectrum of such Kitaev spin liquids and verify that it is closely related
to the topologically protected edge spectrum. Moreover, we find that in some cases the entanglement spectrum
contains even more information about the topological features than the surface spectrum, and thus provides a
simple and reliable tool to probe the topology of a system.
I. INTRODUCTION
The way we understand and describe phases of matter in
condensed matter systems has changed substantially during
the last few decades. Ever since the discovery of the quantum
Hall effect — both integer and fractional [1, 2] — it has be-
come apparent that phases of matter cannot be uniquely char-
acterized by (local) order parameters. Instead, concepts from
other fields — such as topology from mathematics and en-
tanglement from quantum information — have proven use-
ful. For instance, it was shown that the accurate quantization
of the Hall conductance in the integer quantum Hall effect is
linked to a topological invariant, the Chern number, of the
free fermion bulk band structure [3]. Such a feature is not
unique to the quantum Hall effect: ever since the seminal pa-
per of Kane and Mele introducing topological insulators [4],
(noninteracting) topological phases of matter have been stud-
ied extensively and are by now very well understood [5–8].
Furthermore, even gapless systems can be topological in the
sense that the topological invariant protects both the gapless
bulk nodes and the corresponding gapless surface states [8];
prominent examples are nodal line semimetals [9] and Weyl
semimetals [10].
Even more interesting are interacting topological phases,
because they may harbor highly exotic quasiparticle excita-
tions [11, 12]. Such phases are often called topologically or-
dered [13] or long-range entangled [14], which implies that
their topological entanglement entropy is non-vanishing [15–
18]. The latter is currently one of the most powerful tools
to verify in numerical simulations whether a ground state is
topologically ordered or not. The entanglement entropy is
obtained by partitioning the system into two spatial parts —
called A and B in the following — and computing the von
Neumann entropy of part A,
SA = −Tr (ρA ln ρA)
= α`− γ, (1)
where ρA is the reduced density matrix of A. For gapped
phases, the entanglement entropy obeys an area law, i.e. it
grows as the area/length of the boundary ` between A and
B. The coefficient of the area law (here denoted by α) is
a nonuniversal constant and depends on microscopic details.
For topologically ordered systems, the entanglement entropy
has an additional, sub-leading constant contribution γ that is
independent of microscopic details. It can be identified with
the logarithm of the total quantum dimension [16, 17], which
gives valuable insight on which topological field theory cap-
tures the low-energy, long-wavelength physics of the system.
However, as it only measures a single quantum number, it
is not sufficient to determine the topological order uniquely.
A potentially more powerful diagnostic tool is the entangle-
ment spectrum (ES) [19], which is defined as the spectrum
of the entanglement Hamiltonian Hent = − ln(ρA). While
it is a property solely of the ground state, it contains infor-
mation about the excitations of the systems — both edge and
bulk [20–22], depending on how the Hilbert space is biparti-
tioned. By now, the ES has proven to be a useful tool for a
variety of systems [23–26].
A prominent example where the entanglement entropy fails
to distinguish two topologically ordered states from each other
is the Kitaev honeycomb model [27] — a paradigmatic model
of a quantum spin liquid. This model considers spin-1/2 local
moments on the sites of the honeycomb lattice with a highly
anisotropic Ising-like interaction
H = −
∑
〈j,k〉
Jγσ
γ
j σ
γ
k , (2)
where the sum is over all nearest neighbors j, k and the lo-
cal easy-axis γ = x, y, z depends on the direction of the
nearest-neighbor bond 〈j, k〉. In this exactly solvable model,
the spins fractionalize into itinerant Majorana fermions and a
static Z2 gauge field. The latter are generically gapped, while
the former may be gapped or gapless depending on the param-
eters. The Kitaev honeycomb model has two, distinct gapped
phases: (i) a toric-code like phase, when one of the coupling
constants is larger than the sum of the other two and (ii) a non-
abelian phase with Ising anyon excitations, when all the cou-
pling constants are approximately the same (Jx ≈ Jy ≈ Jz)
and time-reversal symmetry is broken (e.g. by applying an
external magnetic field) [27]. While these two gapped phases
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2have very different properties, their topological entanglement
entropy happens to be identical. Yao and Qi gave a phys-
ical explanation of this feature by noting that the entangle-
ment entropy of this model can be written as a sum of two
terms — one capturing the effect of the Majorana fermions
and the other the effect of the gauge field [28]. Only the lat-
ter contributes to the topological entanglement entropy, while
it is the former that actually determines which type of Kitaev
spin liquid (KSL) is realized in the system. They also showed
that the ES can distinguish the two phases. Moreover, it can
be efficiently computed using methods for noninteracting sys-
tems [29].
Entanglement spectra have mainly been studied for gapped
systems, even though they also have interesting properties in
gapless systems [30]. Here, we analyse entanglement spectra
for gapless three-dimensional KSLs and show that topologi-
cally protected zero-energy surface modes give rise to modes
in the ES that reside at ‘entanglement energy’ 1/2. Entan-
glement spectra are most often easier to interpret and ana-
lyze than the corresponding surface spectra, because the latter
may have accidental modes near zero-energy, while the for-
mer do not have accidental modes at 1/2. Moreover, entan-
glement spectra can in some cases even distinguish whether
non-topological features have a topological origin. Our results
are not only valid for KSLs, but can easily be generalized to
noninteracting gapless fermionic systems
This manuscript is organized as follows. First, we give a
short review of KSLs in section II and entanglement spectra
of noninteracting systems in section III. We then proceed to
discuss the features of (gapless) topological band structures
in the ES, using some KSLs as explicit examples in section
IV. In section V we argue that the ES can reveal interesting
weak topological features of the system that cannot be identi-
fied by the surface spectrum. Details on the various examples
of KSLs can be found in the appendices.
II. KITAEV SPIN LIQUIDS
We start by giving a short review on the solution of the Ki-
taev honeycomb model [27] in Eq. (2), which can be general-
ized to any tricoordinated lattice. For further details, we refer
the reader to one of the various reviews on the subject, see for
instance Ref.s [31–33]. We can represent the spin-1/2 oper-
ators by introducing four Majorana fermions per site (bxj , b
y
j ,
bzj , and cj):
σγj = ib
γ
j cj . (3)
Note that the local Hilbert space of four Majorana fermions is
four-dimensional (per site), whereas the local Hilbert space of
the spins is only two-dimensional. By enlarging the Hilbert
space, we have introduced unphysical degrees of freedom that
can be identified with emergent Z2 gauge fields, uˆjk = ibγj b
γ
k ,
living on the γ-type bonds 〈j, k〉. Physical states are required
to fulfill
Dj |phys〉 ≡ bxj byj bzjcj |phys〉 = +1|phys〉, (4)
j
(b)(a)
k
l
κ
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FIG. 1. (a) Example of a closed loop of length 10 (depicted in
gray) in the hyperhoneycomb lattice. (b) The (time-reversal break-
ing) three-spin-interaction of Eq. (7), where the arrow indicates the
induced next-nearest-neighbor hopping of the Majorana fermions.
for all j, which ensures that Eq. (3) reproduces the spin alge-
bra in the physical Hilbert space. Applying D on a state can
be thought of as a gauge transformation of the Z2 gauge field,
and the condition in Eq. (4) simply means that physical states
are gauge invariant. Note that the eigenvalues of the bond
operators are not physical. However, we can define physical
quantities by considering products of bond operators along a
closed loop ` in the lattice [see Fig. 1(a)],
W` =
∏
〈j,k〉∈`
(−iuˆjk). (5)
The loop operator W` has eigenvalues ±1 and measures the
flux through the loop. In the following, the eigenvalue +1 is
referred to as zero flux and −1 as pi flux.
Rewriting the spin Hamiltonian (2) in terms of the Majo-
rana fermions yields
HMF = i
∑
〈j,k〉
Jγ uˆjkcjck. (6)
Note that the bond operators uˆjk commute among themselves
as well as with the Hamiltonian, so we can simply fix their
eigenvalues, i.e. fix the gauge. In order to find the ground
state, we need to identify the Z2 flux sector that minimizes
the energy. For a few lattices, this can be done rigorously us-
ing Lieb’s theorem [34], but most often one needs to resolve
to numerical calculations. For the lattices discussed in this
manuscript, the ground state flux configurations are such that
loops of length 2 mod 4 have zero flux and loops of length
0 mod 4 have pi flux [35, 36]. Once the flux sector is fixed,
Eq. (6) reduces to a noninteracting Hamiltonian, where Ma-
jorana fermions hop in a static, gapped Z2 gauge field. This
Majorana Hamiltonian can be gapped or gapless, and its band
structure determines the nature of the KSL. In the remainder
of the manuscript, we focus on this Hamiltonian.
We are not only interested in the properties of the bare Ki-
taev model, but also in the effect of breaking time-reversal
symmetry or lattice symmetries. The simplest time-reversal
breaking term is given by the interaction of three neighboring
spins
Hmag ∼ −κ
∑
jkl
σαj σ
β
kσ
γ
l , (7)
3as it does not destroy the exact solvability of the model. Here,
α, β and γ denote the types of the bonds surrounding the cen-
tral site l, as shown in Fig. 1(b). This three-spin interac-
tion has a natural interpretation as the projection of a Zeeman
term,
∑
j h · σj , into the ground state flux sector [27]. In
this case, the coupling constant is given by κ ∼ hxhyhz/∆2E ,
where ∆E denotes the gap of the Z2 gauge field. In terms of
the Majorana fermions, the three-spin interaction of Eq. (7) is
nothing but a next-nearest neighbor hopping term.
Hmag − iκ
∑
〈〈j,k〉〉
u˜jkcjck (8)
with u˜jk = −αβγ and 〈〈j, k〉〉 denoting the bond between
next-nearest neighbors j and k.
Depending on the symmetries and the underlying lattice,
the Kitaev model can show a host of different quantum spin
liquid phases [35]. In this manuscript, we focus on a few lat-
tices that showcase the different gapless spin liquid phases and
their corresponding entanglement features. For more details
on the various KSLs, we refer the reader to the appendices
and Refs. [35, 36].
III. ENTANGLEMENT SPECTRA FOR
NONINTERACTING SYSTEMS
The most common method to identify topologically ordered
phases, such as quantum spin liquids, is the entanglement en-
tropy [16, 17]. Its subleading contribution — the topologi-
cal entanglement entropy — measures the total quantum di-
mension of the underlying effective topological field theory
description. For trivial gapped systems — in particular for
noninteracting ones — the topological entanglement entropy
vanishes.
For the Kitaev honeycomb model the entanglement entropy
can be written as the sum of two terms [28]
S = SG + SMF , (9)
where SG depends only on the gauge field and contributes
log(2) to the topological entanglement entropy as is appro-
priate for a Z2 gauge theory. The second term contains the
contribution of the free Majorana fermions and can, therefore,
only contribute to the nonuniversal coefficient of the area law,
but not to the topological entanglement entropy. This behav-
ior is generic for KSLs; in particular, it does not depend on
the details of the underlying lattice or on its dimensionality
[37]. Consequently, the topological entanglement entropy is
the same for all KSLs (with the possible exception of those
where the Z2 flux model is frustrated [35]). The ES, on the
other hand, is sensitive to the topological invariants of the
effective Majorana Hamiltonian [38], and can, thus, provide
valuable information for the various KSLs.
In the following, we use the method by Peschel [29] to com-
pute the ES for the Majorana fermions. For a noninteract-
ing tight-binding Hamiltonian, the reduced density matrix is
uniquely determined by the one-particle correlation function,
Cαβnm = 〈0|c†α,ncβ,m|0〉, (10)
a1
a2
a3
L
A B
FIG. 2. Schematic visualization of the spatial bipartition used in
the remainder of the manuscript. Due to the periodic boundary con-
ditions along the a1 direction, there are two virtual surfaces: one at
r1 = 0 and the other at r1 = L/2.
where α and β denote the set of internal quantum numbers per
site (such as spin, orbital, etc.), n and m denote sites that are
restricted to lie in subsystem A, and |0〉 denotes the ground
state. We always choose a bipartition such that two directions
remain periodic, e.g. a2 and a3 in the schematic visualization
in Fig. 2, so that we can use their corresponding momenta
k˜ = (k2, k3) to label the eigenvalues.
After a partial Fourier transform, the correlation matrix be-
comes
Cαβnm(k˜) =
〈
c†α(n, k˜)cβ(m, k˜)
〉
=
∑
j,Ej<0
∑
q
eiq(m−n)U†βj(k)Ujα(k), (11)
where α and β denote the sites within the unit cell and the
sum over j runs over all the occupied states (Ej < 0).
The unitary matrix U is defined by the eigenstates ηα(k) =∑
β Uαβcβ(k), with k = (q, k˜). In the following, we refer to
the eigenvalues ζ of the matrix Cαβnm as the ES.
The full ES of the subsystem A consists of M · LA bands,
where LA is length of region A, and M is the number of sites
in the unit cell. For the calculation of the correlation matrix,
the length of the subsystem LA was chosen as L/2 throughout
the paper, with L3 being the system size. Most of the entan-
glement bands are located around 0 (1) corresponding to an
empty (occupied) state. The relevant bands we want to study
have values 0 < ζ < 1, because they turn out to be related
to the topologically protected surface modes. For noninteract-
ing topological insulators and superconductors, the ES is, in
fact, identical to the spectrally flattened surface spectrum, as
shown by Fidkowski [38]. For each topological surface band
that connects valence and conduction bands, there is a corre-
sponding band in the ES connecting the bands at entanglement
energy 0 and 1. Consequently, ES modes at energy ζ = 1/2
are in one-to-one correspondence to the surface modes at zero
energy.
Before proceeding to describe the ES for the various KSLs,
let us note that for all entanglement spectra we used the
ground state in the extended Hilbert space without project-
ing the state onto the true (physical) ground state. This, how-
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FIG. 3. (a) Full BZ of the (10,3)b lattice. The time-reversal symmetric system harbors a nodal line (purple). Breaking time-reversal gaps the
line into two WPs, marked by the orange and blue point. The middle two panels show the zero-energy states of the surface spectrum (purple)
and the ζ = 1/2 states of the ES (green) for (b) the time-reversal invariant system and (c) the time-reversal broken system. The surface BZ is
shown in (d) for open boundary conditions along a1.
ever, can be done with impunity: the projection only affects
the ES eigenvalues at momenta with zero-energy eigenstates,
while the primary interest of our discussion is on the topolog-
ically protected surface modes which live at momenta where
the bulk spectrum is gapped. Further details on the projection
and its effects on the ES can be found in Appendix F.
IV. ENTANGLEMENT SPECTRUM AND SURFACE
STATES
We now consider the properties of entanglement spectra for
gapless three-dimensional KSLs, and how they are related to
the surface spectra. We restrict our analysis to the ground state
sector and focus on the ES of the resulting free Majorana sys-
tem. [39] The different example KSLs are chosen to be repre-
sentatives for the different types of topological bandstructures
that the Majorana fermions form, ranging from (topological)
Fermi surfaces [40], over nodal lines [41] and nodal chains
[36], to Weyl [42] and Dirac points [36]. Details on the differ-
ent lattice structures and the properties of the corresponding
KSLs can be found in the appendices and Refs. [35, 36].
For all the systems we analyze, we find that the ES mim-
ics the surface spectrum of the Majorana system, consistent
with previous studies [28, 38]. In particular, topologically
protected zero-energy surface states always have a counter-
part at ζ = 1/2 in the ES. In fact, one can show the corre-
spondence between surface and entanglement spectra by con-
sidering lower-dimensional gapped subsystems and using the
results of Ref. [38]. While there are many similarities between
entanglement spectra and surface spectra, one should not view
the former as a proper spectrum. In particular, ‘entanglement
bands’ generically exhibit discontinuities at momenta where
the bulk gap vanishes.
The first example we consider is the Kitaev model on the
(10,3)b (hyperhoneycomb) lattice (see App. D for details on
the lattice) [41], which is believed to be relevant for the mate-
rial β-Li2IrO3 [43]. The solution of the bare Kitaev Hamilto-
nian reveals a nodal line at the Fermi level [44], as shown
0
0.5
1
0 50 100 150
0
0.1
0 5 10 15
|Ψ
|2
unit cell index
FIG. 4. Localization of the entanglement eigenstates for three dif-
ferent momenta along the ‘entanglement Fermi arc’, which are in-
dicated in the left panel. The right panel shows the weight of the
eigenstates as a function of the unit cell index, where the entangle-
ment cuts are located at unit cells 0 and 150. All eigenstates show an
exponential localization at the entanglement cuts with a localization
length that depends on the distance to the WPs (see inset).
in Fig. 3(a). When considering open boundary conditions
along one direction, the projection of the nodal line into the
corresponding surface Brillouin zone (BZ) is filled with zero-
energy states, also called drumhead states [9]. Fig. 3(b) shows
both the zero-energy surface states and the ζ = 1/2 entangle-
ment modes for the bare Kitaev model for a real space cut
along the a1-direction. Clearly, the two look identical. If
time-reversal symmetry is broken, i.e. κ 6= 0 in Eq. (7), the
nodal line in the BZ gaps out except at two points which are
topologically protected Weyl points (WPs) [10]. The drum-
head surface state gaps out into a line — a Fermi arc — con-
necting the projections of the WP [42]. The same happens for
the ES, c.f. Fig. 3(c). Note that the Fermi arc is doubly degen-
erate in both cases. The close similarity between zero-energy
surface modes and ζ = 1/2 entanglement modes is a generic
feature that occurs in all systems that we analyzed.
Fermi arcs are located at the surface of the system, and the
same holds for the entanglement Fermi arcs. We exemplify
this feature using the arcs of Fig. 3(c). For different momenta
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FIG. 5. (a) Full BZ of the (8,3)a lattice. The Kitaev model with couplings Jx = Jy = 1.1 and Jz = 0.8 harbors four topological Fermi
surfaces. Panel (b) shows the zero-energy states of the surface spectrum and (c) the ζ = 1/2 states of the ES. In both cases, the Fermi arcs
connecting the topological Fermi surfaces of opposite charge are clearly visible. The surface BZ for open boundary conditions along a1 is
shown in (d).
along the arc, we plot the probability |Ψ|2 = |Ψ1|2 + |Ψ2|2
of the two states with entanglement eigenvalue ζ = 1/2 as a
function of the position in the subsystem A. For all positions,
the states are exponentially localized at the cut, as shown in
the right panel of Fig. 4. When approaching the projection of
the WP at either end of the arc, the localization length diverges
and the modes penetrate further and further into the bulk.
In the previous example, surface and entanglement spectra
looked fully alike, but that is not a general feature. A sim-
ple counter-example is a topological metal — realized for in-
stance for the KSL on the (8,3)a lattice [35] — where each
of the Fermi surfaces surrounds a WP [see Fig. 5(a)]. Due to
the WPs, there are chiral surface states — the remnants of the
Fermi arcs — that connect Fermi surfaces with opposite Weyl
charge. In the surface spectrum, the arcs are generically split
because of the finite energy of the WPs [see Fig. 5(b)]. If one
of the WPs sits at E > 0, its particle-hole conjugate partner
sits at E < 0. This leads to the special feature that the Fermi
arcs have to cross each other at some point in the BZ. For the
KSL on the (8,3)a lattice, this occurs at the boundaries of the
surface BZ. The ES, on the other hand, is oblivious to the en-
ergy of the WP, and the Fermi arcs still lie on top of each other
[see Fig. 5(c)].
Up until now, we only presented numerical evidence for the
close relation between zero-energy surface modes and ζ =
1/2 entanglement modes, but one can in fact show it rigor-
ously using the topological invariants that protect the gapless
modes. To do so, we interpret the gapless three-dimensional
system as a one- (or two-)dimensional one, where two (or one)
of the momenta are regarded as parameters that tune between
the gapped topological and trivial phase. The first harbors
protected surface modes, the latter does not. For these gapped
phases, one can then use the results by Fidkowski [38], who
found a one-to-one correspondence between the surface and
ES.
Let us make this more explicit by first considering a system
with WPs, which are protected by the Chern number. We re-
gard the three-dimensional system as a two-dimensional one,
with one of the momenta being a tunable parameter. Depend-
FIG. 6. The zero-energy modes of the surface spectrum (left) and
ζ = 1/2 modes of the ES (right) for a cut along a3-direction for
the Kitaev model on the (10,3)d lattice. The modes marked in or-
ange/green are two-fold, those marked in purple/yellow are four-fold
degenerate.
ing on its value, the two-dimensional system is either in a triv-
ial or a Chern insulator phase. The latter has an odd number
of chiral edge modes that connect the valence and conduction
band, while the former harbors an even number (most often
0) of such bands. Consequently, when we tune the parameter
into the Chern insulator regime, there has to be a zero-energy
mode at the surface [10]. Using the equivalency between the
surface and ES for Chern insulators [38], we conclude that
also the ES harbors an odd number of ζ = 1/2 modes when
the momentum parameter is tuned to lie in the Chern insulator
regime. The entanglement Fermi arcs terminate at the WPs,
i.e. at the transition point between trivial and Chern insulator,
in full analogy to the usual Fermi arcs.
To explain the appearance of drumhead states, we first note
that nodal lines are generically protected by time-reversal
symmetry. Given this symmetry, the Majorana Hamiltonian
can be written in an off-block diagonal form as
H(k) =
(
0 Q
Q† 0
)
. (12)
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FIG. 7. (a) Full BZ of the (8,3)b lattice for a real-space cut along a3; the plot of the two lowest entanglement bands above ζ = 1/2 is shown
in (b), with two Fermi arcs visible. (c) Full BZ of the (8,3)b lattice for a real-space cut along a∗1. The plot of the four lowest bands above
ζ = 1/2 is shown in (d). Note that each band is doubly degenerate. Even though there are no modes at ζ = 1/2, the hybridized Fermi arc is
nevertheless clearly visible in the spectrum.
We can now define the chiral invariant as
θ =
1
4pii
∫
`
dk tr
[
Q−1∂kQ− (Q−1∂kQ)†
]
, (13)
where the integration is along a closed loop ` in the BZ, i.e. we
compute the invariant along an effectively one-dimensional
gapped system. The chiral invariant θ can take integer values.
In the following, we focus on situations where the integration
parameter k lies on a non-contractible closed path, parallel to
one of the reciprocal lattice vectors. Having a non-zero chi-
ral invariant for, say, integrating along k3 implies that there
must be zero-energy surface modes as soon as the system is
no longer periodic in the a3-direction. The number of edge
modes is equal (or larger) than the bulk invariant. For the pure
Kitaev model on the hyperhoneycomb lattice, the chiral in-
variant is ±1 if the integration path goes through the nodal
line and 0 if it does not. Thus, the line is filled with (doubly-
degenerate) zero-energy surface modes when the system is no
longer periodic in the a3-direction. Again utilizing the equiv-
alence between surface and ES, we conclude that also the ES
shows doubly degenerate modes at ζ = 1/2 (located on op-
posite entanglement surfaces of the system) within the nodal
line. A slightly more complex example of drumhead states
is provided by the Kitaev model on the (10,3)d lattice, which
harbors nodal chains. The chiral invariant in this system can
either be 0, 1, or 2; the corresponding surface spectrum/ES
degeneracy is 0, 2, and 4, respectively, as visualized in Fig. 6.
V. WEAK TOPOLOGICAL FEATURES IN THE
ENTANGLEMENT SPECTRUM
Interestingly, the ES can show features that are not visible
in the surface spectrum. These are usually features that are
not topological themselves, but have a topological origin. We
exemplify this behavior by considering KSLs with Weyl and
Dirac nodes, but it may also occur in other systems, such as
gapped spin liquids or spin liquids with a Majorana Fermi sur-
face.
One simple way to identify Weyl spin liquids is by the pres-
ence of Fermi arcs in the surface spectrum. However, if one
chooses the surface termination such that WPs of opposite chi-
rality are projected to the same momentum in the surface BZ,
the resulting Fermi arcs are no longer topologically protected.
For system where the corresponding Fermi arcs are not lo-
cated at the same momenta, stable remnants of the Fermi arcs
can still persist, even though they generically do not connect
to the WPs any longer [45]. However, additional symmetries
can force the entire Fermi arcs to lie on top of each other, in
which case they can hybridize and fully gap out. This implies
that the resulting surface spectrum has usually no accessible
information about the topological properties of the system. In
the following, we show that the ES, on the other hand, still
shows clear signatures of the hybridized Fermi arcs.
Our first example is the Kitaev model on the (8,3)b lattice,
which harbors a Weyl spin liquid even in the presence of both
time-reversal and inversion symmetry [35]. Solving the Ki-
taev Hamiltonian for this lattice structure we find two pairs of
WPs at the Fermi level, shown in Fig. 7(a). Imposing open
boundary conditions along the a3-direction the surface spec-
trum shows Fermi arcs [35]. The corresponding ES is plotted
in Fig. 7(b). For reasons that will become clear later, we do
not restrict our plot to the ζ = 1/2 modes as we did ear-
lier, but instead plot the two lowest ES band that lie above
ζ = 1/2. Higher bands are ignored as they all lie at ζ ≈ 1; the
behavior of lower bands can be infered by using that for such
half-filled systems, each entanglement energy at ζ implies one
at 1− ζ. The band indicated in green shows the two entangle-
ment Fermi arcs at ζ = 1/2. In this surface termination, the
surface and ES contain the same topological information.
We now choose a surface termination such that the WPs are
projected onto the same point in the corresponding surface
BZ [see Fig. 7(c)]. For the (8,3)b lattice this is achieved by
re-defining the real space lattice vectors (denoted with ∗) as
a∗1 = a1, a
∗
2 = a2, a
∗
3 = a1 − a3. (14)
The original choice of the lattice vectors can be found in
App. B. For open boundary conditions along the a∗1-direction
the corresponding surface BZ is perpendicular to the vector
k0 = q1/2 − q3/2 which maps WPs of opposite chirality
onto each other. In the surface spectrum, the Fermi arcs hy-
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FIG. 8. Surface spectrum of the Kitaev model on the (8,3)b lattice
when cutting along a∗1. (a) lowest energy band in the BZ, the orange
line indicates the location of the hybridized Fermi arc. The red line
indicates the momenta, for which the full spectrum is plotted in panel
(b).
bridize and become masked by the bulk spectrum, as shown
in Fig. 8. In Fig. 8(a) we show the lowest energy band of the
surface spectrum, with the expected position of the Fermi arc
indicated in orange. We also plot the entire low-energy sur-
face spectrum along the momenta indicated by the red ring in
Fig. 8(b). The surface modes are still below the bulk modes,
but their hybridization gap is comparable to the band gap.
In fact, considering only the surface spectrum in Fig. 8, one
could never deduce that the system has a topological band
structure.
The ES for the same surface termination is shown in
Fig. 7(d). Again, we plotted the two lowest bands above
ζ = 1/2. For this surface termination, the green band does
not contain modes at ζ = 1/2 any longer — also the entan-
glement Fermi arcs have hybridized. In contrast to the sur-
face spectrum however, the green band is also clearly sepa-
rated from the bulk bands (i.e. the yellow band and all higher
bands), and exists in an entanglement energy region that is
usually reserved for topologically protected bands. It is, in
fact, rather suggestive from Fig. 7 to interpret the green band
(and its counterpart at ζ < 1/2 as hybridized entanglement
Fermi arcs. Thus, from the ES we would still deduce that the
system in question is special and has some topological prop-
erties.
Our second example concerns the Kitaev model on the
82.10-a lattice, where a four-fold screw symmetry stabilizes
three-dimensional Dirac nodes [36]. These can be thought of
as a combination of pairs of oppositely charged WPs. Due to
particle-hole symmetry in KSLs, the Fermi arc always con-
nects WPs at k and −k. One may wonder whether the sur-
face/entanglement spectrum can distinguish this connectivity
from the trivial one where the two WPs at k are connected to
each other, and similarly the two at (−k). When computing
the surface spectrum for this system, we again find that the
surface modes are masked by the bulk spectrum, and there is
no clear evidence of the nontrivial Berry connection. In the
ES, the Fermi arcs hybridize, but the hybridization gap is ex-
tremely small and the modes basically remain at ζ = 1/2 (see
Fig. 9). One can therefore identify the nontrivial Berry con-
nection very easily in the ES, while it is completely masked
in the surface spectrum.
While one needs further study to determine for which types
of topological features the ES is better suited than the surface
FIG. 9. Zero-energy modes of the surface (left) and ζ = 1/2 modes
of the entanglement (right) spectrum of the Kitaev model on the
82.10-a lattice for a real-space cut along the a1-direction.
spectrum, our examples show that there are several situations
where the ES contains more information about the topology
of the system than the surface spectrum.
VI. CONCLUSION
In this paper, we have computed the ES for a family of gap-
less KSLs, and demonstrated that the entanglement spectrum
contains valuable information even for gapless strongly cor-
related systems. Similar to gapped systems, we find that the
entanglement spectrum is closely related to the topologically
protected surface spectrum. In most cases, the two spectra
have a one-to-one correspondence, and contain exactly the
same information about the topology of the state. Of the two,
the ES is usually easier to interpret, for the following reason:
a surface spectrum can accidentally have modes that are close
to zero energy, but are not of topological origin. In the ES, on
the other hand, there are no such accidental modes. In addi-
tion, in a surface spectrum, bulk bands may partially mask the
dispersion of topological surface modes. In the ES, the bulk
modes always sit near ζ = 0, 1 – so that the topological bands
located close to ζ = 1/2 are always clearly visible and easy
to identify.
In some cases, an even more interesting situation occurs:
the ES can contain more information than the correspond-
ing surface spectrum. In particular, the ES is sensitive to
hybridized topological surface states, such as the hybridized
Fermi arcs discussed earlier. Such features are usually
hidden in real surface spectra, because the hybridization gap
can easily be larger than the bulk gap, so that the surface
modes become completely masked by the bulk modes. In
the ES, there are no bulk modes between ζ = 0 and 1, so
the hybridized modes are still easily distinguishable. This
shows that the ES can be a more powerful tool than the usual
surface spectrum to identify and detect whether or not a
system is topological. Our results can easily be generalized
to other noninteracting systems, in particular to topological
semi-metals (see for instance Ref. [8] and references therein).
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Appendix A: (8,3)a
The (8,3)a structure is a hexagonal lattice with six sites per
unit cell. They are located at
r1 =
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The lattice translation vectors for the (8,3)a lattice are chosen
as
a1 = (1, 0, 0) , a2 =
(
−1
2
,
√
3
2
, 0
)
,
a3 =
(
0, 0,
3
√
2
5
)
, (A2)
and the corresponding reciprocal lattice vectors are given by
q1 =
(
2pi,
2pi√
3
, 0
)
, q2 =
(
0,
4pi√
3
, 0
)
,
q3 =
(
0, 0,
5
√
2pi
3
)
. (A3)
In Fig. 10(a) the unit cell of the lattice with the lattice transla-
tion vectors is shown. Additionally, the bond colors indicate
the Kitaev exchange interaction along a particular bond (xx -
green, yy - red and zz - blue). The bond operators ujk are de-
fined as in [35], such that the system is in the ground state flux
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FIG. 11. (a) Unit cell and translation vectors of the (8,3)b lattice.
Green/red/blue bonds denote x-/y-/z-bonds. (b) BZ with the four
WPs for isotropic couplings Jx = Jy = Jz = 1.
sector of the Z2 gauge field. The solution of the bare Kitaev
model on this lattice exhibits four Majorana Fermi surfaces
in the gapless phase, shown in Fig. 10(b). For our calcula-
tion of the surface and ES we chose the following parame-
ters: Jz = 0.8, Jx = Jy = (3 − Jz)/2. For this choice the
system is within the gapless phase and exhibits stable Majo-
rana Fermi surfaces. Within each surface sits one WP such
that we can assign a topological charge to the Fermi surface.
Changing the couplings constants leads to a deformation of
the Fermi surfaces and in some parameter regions the Fermi
surfaces are topologically trivial [35]. For the calculation of
the ES and the surface spectrum in Fig. 5 we choose a real
space cut along the a1-direction and the system size L = 200
with an entanglement cut at L/2.
Appendix B: (8,3)b
As the (8,3)a lattice the (8,3)b structure has a hexagonal
geometry. In each unit cell there six basis sites located at
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The lattice translation vectors for the (8,3)b lattice are chosen
as
a1 =
(
1
2
,
1
2
√
3
,
1
5
√
2
3
)
, a2 =
(
0,
1√
3
,
2
5
√
2
3
)
,
a3 =
(
0, 0,
√
6
5
)
, (B2)
and the corresponding reciprocal lattice vectors are given by
q1 = (4pi, 0, 0) , q2 =
(
−2pi, 2
√
3pi, 0
)
,
q3 =
(
0,− 4pi√
3
, 5
√
2
3
pi
)
. (B3)
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FIG. 12. (a) Unit cell and translation vectors for the 82.10 - a lattice.
Green/red/blue bonds denote x-/y-/z-bonds. (b) BZ of the 82.10 -a
lattice with the two gapless Dirac nodes indicated by red points. The
two green lines denote the momenta that are invariant under the four-
fold screw symmetry that protects the Dirac nodes.
Solving the bare Kitaev model on this inversion symmetric
lattice we find four WPs at the Fermi level. The location of
the gapless modes is shown within the BZ in Fig. 11(b), next
to the lattice with the unit cell and translation vectors shown
in (a). Within the BZ the vector k0 = q1/2 − q3/2 maps a
pair of WPs onto each other. For a different choice of lattice
vectors
a∗1 = a1, a
∗
2, a
∗
3 = a1 − a3, (B4)
the corresponding reciprocal lattice vectors become
q∗1 =
(
−4pi, 4pi√
3
,−5pi
√
2
3
)
, q∗2 = −q2, q∗3 = q3.
(B5)
Thus, a cut along the a∗1-direction results in a surface BZ that
is perpendicular to the vector k0. Within the surface BZ WPs
of opposite chiralites are mapped onto each other, leading to a
gap in the ES, c.f. Fig. 7. Our numerical simulations were all
performed within the gapless phase at the isotropic point of
the exchange couplings. The system size for the spectra for a
cut along a3-direction (a∗1) is L = 150 (L = 198). The larger
system size for the a∗1-direction was necessary to resolve the
discontinuity of the spectrum around the projections of the
WPs.
Appendix C: 82.10-a
The 82.10-a lattice is inversion symmetric, and invariant
under a four-fold screw symmetry when Jx = Jy . The eight
sites of the unit cell are located at
r1 =
1
4
(a, b, 1), r2 =
1
4
(0, a+ b, 2),
r3 =
1
4
(−a, b, 3), r4 = 1
4
(0,−a+ b, 4),
r5 =
1
4
(0, a− b, 4), r6 = 1
4
(−a,−b, 3),
r7 =
1
4
(0,−a− b, 2), r8 = 1
4
(a,−b, 1), (C1)
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FIG. 13. (a) Unit cell and translation vectors for the Kitaev model on
the (10,3)b (hyperhoneycomb) lattice. Green/red/blue bonds denote
x-/y-/z-bonds. (b) The BZ with the nodal line indicated in purple for
isotropic couplings Jx = Jy = Jz . When time-reversal symmetry
is broken, the nodal line gaps out except for two WP (marked in
orange/blue) at the Fermi level.
with a = 1/
√
2 and b = 2a. The lattice translation vectors are
a1 =
1
2
(b,−b, 1), a2 = 1
2
(b, b, 1),
a3 = (0, 0, 1), (C2)
and the corresponding reciprocal vectors are given by
q1 =
(
2pi
b
,−2pi
b
, 0
)
, q2 =
(
2pi
b
,
2pi
b
, 0
)
,
q3 =
(
−2pi
b
, 0, 2pi
)
. (C3)
The Kitaev model is unusual in that the Majorana system
hosts Dirac nodes as long as the four-fold screw rotation and
time-reversal symmetry are not broken [36]. The lattice, with
unit cell and translation vectors is shown in Fig. 12(a). The
locations of the Dirac nodes at the isotropic point Jx = Jy =
Jz = 1 are visualized in Fig. 12(b). The plots in the main text
are also done for the isotropic couplings for a system size of
L = 150.
Appendix D: (10,3)b
The (10,3)b lattice, also referred to as hyperhoneycomb lat-
tice, is a tetragonal lattice with four sites within each unit cell
at
r1 = (0, 0, 0), r2 = (1, 2, 1),
r3 = (1, 1, 0), r4 = (2, 3, 1). (D1)
We choose the lattice translation vectors as
a1 = (−1, 1,−2), a2 = (−1, 1, 2), a3 = (2, 4, 0),
(D2)
and the corresponding reciprocal lattice vectors are
q1 =
(
−2pi
3
,
pi
3
,−pi
2
)
, q2 =
(
−2pi
3
,
pi
3
,
pi
2
)
,
q3 =
(pi
3
,
pi
3
, 0
)
. (D3)
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In Fig. 13(a) the four-site unit cell is shown with colored
bonds representing the exchange between neighbors. The so-
lution of the bare Kitaev Hamiltonian reveals a nodal line at
the Fermi level¿[44]. At the isotropic point Jx = Jy = Jz =
1 the nodal lines lies in the kx + ky = 0 plane within the BZ,
indicated by the gray shaded plane in Fig. 13(b).
If the time-reversal symmetry breaking term (7) is included
in the model, i.e. κ 6= 0, the nodal line gaps out except at
two points which are topologically protected WPs at the Fermi
level [42]. In our numerical calculation we chose κ = 0.1.
The spectra in Fig. 3 were calculated for a system with
length L = 200 along the a1-direction at the isotropic point
with an entanglement cut at L/2.
Appendix E: (10,3)d
The (10,3)d lattice is a primitive orthorombic structure with
an eight-site unit cell. The site are located at
r1 =
1
4
(a, b, 1), r2 =
1
4
(0, a+ b, 2),
r3 =
1
4
(−a, b, 3), r4 = 1
4
(0,−a+ b, 4),
r5 =
1
4
(0, a− b, 3), r6 = 1
4
(−a,−b, 2),
r7 =
1
4
(0,−a− b, 1), r8 = 1
4
(a,−b, 4), (E1)
where a = 4− 2√2 and b = 2. The lattice translation vectors
are
a1 =
1
2
(b,−b, 0), a2 = 1
2
(b, b, 0),
a3 = (0, 0, 1), (E2)
and the reciprocal lattice vectors are given by
q1 =
(
2pi
b
,−2pi
b
, 0
)
, q2 =
(
2pi
b
,
2pi
b
, 0
)
,
q3 = (0, 0, 2pi). (E3)
The lattice with the unit cell and translation vectors is shown
in Fig. 14(a) At the isotropic point, Jx = Jy = Jz = 1,
the solution of the bare Kitaev model exhibits three nodal
lines that are linked, see Fig. 14(b). The touching points are
protected by the combination of time-reversal symmetry and
a glide symmetry. The latter involves a reflection with re-
spect to the kz = 0 plane and a subsequent translation within
this plane [36]. When considering open boundary conditions
along k3, one finds that there are three regions that are distin-
guished by their chiral invariant, as is visualized in Fig. 6. We
studied the surface and ES for this geometry for a real-space
cut along the a3-direction. The surface spectrum reveals gap-
less states filling the projections of the nodal lines, similar to
the case of the (10,3)b (hyperhoneycomb) lattice. In our nu-
mercial simulation the spectra were calculated on systems of
size L = 150.
(a) (b)
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FIG. 14. (a) Unit cell and translation vectors for the Kitaev model
on the (10,3)d lattice. Green/red/blue bonds denote x-/y-/z-bonds.
(b) The BZ with the three nodal lines indicated in blue/green for
isotropic couplings Jx = Jy = Jz . When time-reversal symmetry
is broken, the green nodal lines gap out, but the blue one remains
stable.
Appendix F: Projection
For all calculations in this manuscript, we used the unpro-
jected ground state wave function. This is commonly done
within the community of Kitaev spin liquids. Here, we want
to comment on how projection affects the entanglement spec-
tra, and in particular, which features are bound to be identical
for the projected and the unprojected ground state.
As shown in Ref. [46], projecting the ground state from the
extended Hilbert space to the physical subset is equivalent to
enforcing a certain parity — even or odd depending on the
system size — on the ground state. For the gapless systems,
as discussed here, it implies that the true ground state of the
system is an equal weight superposition of all states with a
given parity of physical, fermionic zero modes. In contrast,
the ‘ground state’ used in the manuscript at hand is a sin-
gle state with unspecified parity. It is important to note that
the effect of the projection is limited to momenta with zero-
energy states, i.e. those momenta that constitute the Fermi
surface, nodal lines, or Weyl/Dirac points. There is no dispar-
ity between the projected and unprojected state at momenta
where the bulk spectrum is gapped: negative energy fermionic
modes are filled, while positive ones remain empty. This read-
ily implies that the two states — projected and unprojected —
are identical at these momenta, though they may differ when
considering momenta with zero-energy modes.
The main focus of the analysis of entanglement spectra lies
in the analysis of virtual surface modes of gapless topologi-
cal systems and their relation to real surface modes. Those
modes necessarily live at momenta where the bulk spectrum
is gapped. Thus, the virtual surface modes remain unaffected
by the projection to the physical subspace, and the main re-
sults and interpretations of our manuscript hold equally well
for the true physical ground state of Kitaev spin liquids as for
the unprojected ground state that we used.
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